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We consider a differential equation of the form 

x”’ + p (t) X = 0 
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(1) 

where function p (t) is ~ontinuo~ and o-periodic. Equation (1) is called stable or unsta - 

ble depending on whether the related system is stable or unstable. 

Sufficient conditions of instability of Eq. (1) are derived with the use of Liapunov’s 

construction which is utilized for proving the stability of equation X” + p (t) x = 0 

(see Cl]). 
We denote by z&(t) (k = 1,2,3) the linearly independent solutions of Eq. (1) which 

satisfy the initial conditions 

Zk (9) = kk,r sk’ (0) = &is, .zk*’ (0) = 6ks, k = 1,2,3 

where 6k,I is the Kronecker delta, and consider its monodromy matrix f I]. For the de- 

termination of multipliers we then obtain the equation 

pa - up2 + bp - 1 = 0 (2) 

a = z1 (0) + zz’ (0) + z3” (o), b fr [z, (0)23” (0) - z3(0) ZI” (o)] + 

[zl (0) n2. (63) - z3 (a) 21’ (wff + [22’ (w) 23” (of - 23’ (w) 2%” (of] 

(3) 

Introducing into the analysis the numerical series 

i ((I/3!)k (// = file”, 1 p(t) I .< iZf) 
kc, 

which is convergent for Q < 6 and whose sum s is equal (I f (6 - q)), after some sim- 
ple transformations, we obtain the estimates 

Zl’ (w) < M o2 (S + l), 21.’ (0) < Mo (S + 1) (4) 

2s (0) < w (S + 11, zz” (0) d IM o2 (S + 1) 

.zs (0) < r/s o2 + ass, 23’ (0) < 0 (S + 1) 

Lemma, Let p (t) + 0 and let the inequalities 

P @f < 0, (I = MoS < 1/Z (75-9 7/6% = d (1 < d < 2) (5) 
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be satisfied. Then 
a+b+2>0 (6) 

Pro o f. Formulas (3) and the definition of the number a imply that a > 3. From 

the inequality (4) we obtain 

23’ (0) 22” (0) < q (S + IP, z2 (0) 21’ (0) < Q (S + lP 

z3’(o) Zl” (0) < q (S + 1) (S + ‘12) 

From this and the positiveness of solutions (3) and of their first and second derivatives 

we find that for t = o 
b>- q*, 4* = q (S + 1) (3s + 6/s) 

To complete the proof of the lemma it remains to show that q* < 5 or 

q2 - 75q + 90 > 0 (7) 

Inequality (7) follows from condition (5) of the lemma, since the number d is the smal- 

ler root of the trinomial in the left-hand part of (7). The lemma is proved. 

If a $1 b, the number p = 1 is not a root of Eq. (2). Substituting into (2) P = (A f 

1) / (h - i), we obtain the equation 

(b - a) A3 + (6 - n - b) h” + (a - b) h + (a + b + 2) = 0 (8) 

for which h = 1 is not a root. 

Theorem. If the continuous and o-periodic function p (t) is nonpositive and 

p (t) $ 0 and inequality (5) is satisfied, then Eq. (1) is unstable. 

Proof. Let initially a # b. Then by virtue of condition (6) the polynomial in the 

left-hand part of Eq. (8) is a standard polynomial p]. It follows from Hurwitz conditions 

that Eq. (8) has at least one root in the right-hand half-plane. Reverting to the variable 

p, we conclude that Eq. (1) has at least one multiplier p for which I p I > 1 . This 

proves the theorem for a # b. When u = b Eq. (2) has the root 

p = ‘/2 (a - 1 + Vu2 -r 2u - 3) > 1 (a > 3) 

Hence Eq. (1) is unstable even for a = b . 
The theorem is proved. 
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